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Abstract
Ultrashort-pulsed lasers with pulse durations of the order of sub-picosecond to femtosecond domain possess
exclusive capabilities in limiting the undesirable spread of the thermal process zone in the heated sample. Parabolic
two-step micro heat transport equations have been widely applied for thermal analysis of thin metal ﬁlms exposed
to picosecond thermal pulses. In this study, we develop a three level ﬁnite difference scheme for solving the heat
transport equations in a three-dimensional micro-sphere heated by ultrashort-pulsed lasers. It is shown that the
scheme is unconditionally stable. The method is illustrated by numerical examples.
© 2004 Elsevier B.V. All rights reserved.
Keywords: Finite difference scheme; Stability; Micro heat transport equations; Micro-sphere; Ultrashort-pulsed laser
1. Introduction
Ultrashort-pulsed lasers with pulse durations of the order of sub-picosecond to femtosecond domain
possess exclusive capabilities in limiting the undesirable spread of the thermal process zone in the heated
sample [54]. They have been widely applied in structural monitoring of thin metal ﬁlms [37], laser
micromachining [32] and patterning [24], structural tailoring of microﬁlms [27], and laser synthesis and
processing in thin-ﬁlm deposition [36] as well as in physics, chemistry, biology, medicine, and optical
technology [30,34,35,42,51–53].
∗ Corresponding author. Tel.: +1 318 257 3301; fax: +1 318 257 2562.
E-mail address: dai@coes.latech.edu (W. Dai).
0377-0427/$ - see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2004.11.024
126 I.K. Kaba, W. Dai / Journal of Computational and Applied Mathematics 181 (2005) 125–147
Nomenclature
Ce, Cl heat capacity
E−1/2 ﬁnite difference operator
G electron–lattice coupling factor
J laser ﬂuence
ke thermal conductivity
L the length of radius of the sphere
N number of grid points
Pr, P, P ﬁnite difference operators
Q heat source
R reﬂectivity
r, , spherical coordinates
Te, Tl electron temperature and lattice temperature
t, t0 time
tp laser pulse duration
unijk mesh function where n is the time level and ijk is the grid point
∇r ,∇,∇ ﬁrst-order forward ﬁnite differences
∇r¯ ,∇¯,∇¯ ﬁrst-order backward ﬁnite differences
T temperature change
t,r,, time increment, grid sizes
For a ultrashort-pulsed laser, the heating involves high-rate heat ﬂow from electrons to lattices in the
picosecond domains. Depending on the temperature, electrons have a heat capacity two to three orders
of magnitude smaller than that of lattices. When heated by photons (lasers), the laser energy is primarily
absorbed by the free electrons that are conﬁned within skin depth during the excitation. Electrons ﬁrst
shoot up to several hundreds or thousands of degrees within a few picoseconds without disturbing the
metal lattices.Amajor portion of the thermal electron energy is then transferred to the lattices. Meanwhile
another part of the energy diffuses to the electrons in the deeper region of the target. Because the pulse
duration is so short, the laser is turned off before thermal equilibrium between the electrons and lattices
is reached. In this time interval, the heat ﬂux is thus essentially limited to the region within the electron
thermal diffusion length. This stage is termed non-equilibrium heating due to the large difference of
temperatures in electrons and lattices [16]. The lattice temperature then increases as a result of lattice-
electron coupling, resulting in a new thermal property termed lattice–electron coupling factor. The energy
equations describing the continuous energy ﬂow from hot electrons to lattices during non-equilibrium
heating can be written as [8,12,16,26,38–41,50]:
Ce
Te
t
= ∇[ke∇Te] −G(Te − Tl)+Q, (1)
Cl
Tl
t
=G(Te − Tl), (2)
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where Te is electron temperature, Tl lattice temperature, ke thermal conductivity in thermal equilibrium,
Ce and Cl volumetric heat capacity, G electron–lattice coupling factor, Q ultrashort-pulsed laser heating
source, and∇ the gradient operator. In the classical theory of diffusion,Te=Tl because thermal equilibrium
between the electrons and lattices is reached. Thus, the above two equations can be reduced to the classical
heat conduction equation. However, for sub-picosecond pulses and sub-microscale conditions, Te>Tl
during non-equilibrium heating. The signiﬁcance of the heat transport equations (1) and (2) as opposed
to the classical heat conduction equations has been discussed in [50].
The above coupled Eqs. (1) and (2), often referred to as parabolic two-step micro heat transport
equations, have been widely applied for thermal analysis of thin metal ﬁlms exposed to picosecond
thermal pulses. Among these, Qiu and Tien [38–41] studied the heat transfer mechanism during short-
pulse laser heating of metals using both numerical and experimental methods. Joshi and Majumdar [31]
obtained a numerical solution using the explicit upstream difference method. Tzou and his colleagues
[45–54] modiﬁed Eqs. (1) and (2) to a dual-phase-lag heat transport equation and studied the lagging
behavior by using the Laplace transform method and the Riemann-sum approximation for the inversion.
Chen and Beraum [13–16] employed the corrective smoothed particle methods to solve a dual-phase-lag
diffusion model.Al-Nimr et al. [1–7] studied the effects of radiative and convective thermal losses during
short-pulse laser heating of metals.Antaki et al. [9–11] investigated the heat conduction in a semi-inﬁnite
slab. Tang and Araki [44] derived an analytic solution in ﬁnite rigid slabs by using the Green’s function
method and a ﬁnite integral transform technique. Lin et al. [33] obtained an analytic solution of a dual-
phase-lagmodel using the Fourier series. Dai andNassar [17–23] developed several unconditionally ﬁnite
difference schemes solving a dual-phase-lag heat transport equation. Wang et al. [55–58] analyzed the
well-posedness and solution structure of 1D, 2D and 3D dual-phase-lag heat transport equations. Ho et
al. [18–29] studied the heat transfer in multilayered structure using the lattice Boltzmann method.
Parabolic two-step model in spherical coordinates could be useful when solving the heat transport
around a microvoid. Microvoids may be formed in thermal processing of materials owing to thermal
expansion. When such defects are initiated in the workpiece, the thermal energy in the neighborhood
of the defects may be ampliﬁed, resulting in severe material damage and, consequently, total failure of
the thermal processing. A detailed understanding of the way in which the local defects dissipate the
thermal energy is then necessary not only to avoid the damage but also to improve the efﬁciency of
thermal processing [50]. In this article, we consider a micro-sphere heated by ultrashort-pulsed lasers,
and develop a stable three-level ﬁnite difference scheme for solving the parabolic two-step heat transport
equations in the micro-sphere.
2. Governing equations
Based on Eqs. (1) and (2), the energy equations describing the continuous energy ﬂow in metals from
hot electrons to lattices during non-equilibrium heating in a micro-sphere can be written as follows:
Ce
Te
t
= ke
r2

r
(
r2
Te
r
)
+ ke
r2 sin2 
2Te
2
+ ke
r2 sin


(
sin
Te

)
−G(Te − Tl)+Q (3)
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and
Cl
Tl
t
=G(Te − Tl), (4)
where r, , are the spherical coordinates with 0<r <L, 02, 0< < .
The initial and boundary conditions are assumed to be
Te(r, ,, 0)= Tl(r, ,, 0)= T0, (2)
Te(r, ,, t)= Te(r, + 2,, t), Tl(r, ,, t)= Tl(r, + 2,, t), (3)
Te(r, , 0, t)

= Te(r, , , t)

= 0, Tl(r, , 0, t)

= Tl(r, , , t)

= 0, (4)
Te(L, ,, t)
r
= Tl(L, ,, t)
r
= 0. (5a)
Such boundary conditions arise from the case where the sphere is subjected to a short-pulse laser irradi-
ation. Hence, one may assume no heat losses from the spherical surface in the short time response [50].
For simplicity of the theoretical analysis in the following text, we further assume that
Te(0, ,, t)
r
= Tl(0, ,, t)
r
= 0. (5b)
Theorem 1. Assume that coefﬁcients Ce, Cl, ke and G are positive constants, and that the solutions Te
and Tl of the above initial and boundary value problem are smooth. A stronger estimate holds as follows:
F(t)et
[
F(0)+
∫ t
0
(s) ds
]
, (6)
where
F(t)= Ce
∫ L
0
∫ 2
0
∫ 
0
r2T 2e sin dr d d+ Cl
∫ L
0
∫ 2
0
∫ 
0
r2T 2l sin dr d d (7)
and
(t)= 1
Ce
∫ L
0
∫ 2
0
∫ 
0
r2Q2 sin dr d d, (8)
which implies that the problem is well-posed in the sense of deﬁnition described in [43].
Proof. Multiplying Eq. (3) by r2Te sin and Eq. (4) by r2Tl sin, and integrating over the domain
{0rL, 02, 0} and summing the results together, we obtain∫ L
0
∫ 2
0
∫ 
0
Cer
2 sin
Te
t
Te dr d d+
∫ L
0
∫ 2
0
∫ 
0
Clr
2 sin
Tl
t
Tl dr d d
=
∫ L
0
∫ 2
0
∫ 
0
ke sinTe

r
(
r2
Te
r
)
dr d d+
∫ L
0
∫ 2
0
∫ 
0
ke
sin
Te
2Te
2
dr d d
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+
∫ L
0
∫ 2
0
∫ 
0
keTe


(
sin
Te

)
dr d d
−
∫ L
0
∫ 2
0
∫ 
0
r2 sinG(Te − Tl)2 dr d d+
∫ L
0
∫ 2
0
∫ 
0
r2 sinTeQ dr d d. (9)
The left-hand side (LHS) of Eq. (9) can be written as follows:
LHS= d
dt
(
Ce
2
∫ L
0
∫ 2
0
∫ 
0
r2 sin(Te)2 dr d d
+Cl
2
∫ L
0
∫ 2
0
∫ 
0
r2 sin(Tl)2 dr d d
)
. (10)
On the other hand, one may use Green’s theorem and Eqs. (5a) and (5b) to simplify the ﬁrst term on the
right-hand side of Eq. (9) as follows:
∫ L
0
∫ 2
0
∫ 
0
keTe

r
(
r2
Te
r
)
sin dr d d
=
∫ 2
0
∫ 
0
[
keTer
2 Te
r
sin
]L
0
d d−
∫ L
0
∫ 2
0
∫ 
0
ker
2
(
Te
r
)2
sin dr d d
=−ke
∫ L
0
∫ 2
0
∫ 
0
r2
(
Te
r
)2
sin dr d d. (11)
Similarly, we can simplify the second and third terms on the right-hand side as follows:
∫ L
0
∫ 2
0
∫ 
0
ke
sin
Te
2Te
2
dr d d
=
∫ L
0
∫ 
0
[
ke
sin
Te
Te

]2
0
dr d−
∫ L
0
∫ 2
0
∫ 
0
ke
sin
(
Te

)2
dr d d
=−ke
∫ L
0
∫ 2
0
∫ 
0
1
sin
(
Te

)2
dr d d (12)
and
∫ L
0
∫ 2
0
∫ 
0
keTe


(
sin
Te

)
dr d d
=
∫ L
0
∫ 2
0
[
keTe sin
Te

]
0
dr d−
∫ L
0
∫ 2
0
∫ 
0
ke
(
Te

)2
sin dr d d
=−ke
∫ L
0
∫ 2
0
∫ 
0
(
Te

)2
sin dr d d. (13)
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Substituting Eqs. (10)–(13) into Eq. (9), we obtain
d
dt
(
Ce
2
∫ L
0
∫ 2
0
∫ 
0
r2T 2e sin dr d d+
Cl
2
∫ L
0
∫ 2
0
∫ 
0
r2T 2l sin dr d d
)
+G
∫ L
0
∫ 2
0
∫ 
0
r2(Te − Tl)2 sin dr d d+ ke
∫ L
0
∫ 2
0
∫ 
0
r2
(
Te
r
)2
sin dr d d
+ ke
∫ L
0
∫ 2
0
∫ 
0
1
sin
(
Te

)2
dr d d+ ke
∫ L
0
∫ 2
0
∫ 
0
(
Te

)2
sin dr d d
=
∫ L
0
∫ 2
0
∫ 
0
r2TeQ sin dr d d. (14)
Dropping the second, third, fourth, and ﬁfth terms on the left-hand side of Eq. (14), we have
d
dt
(
Ce
∫ L
0
∫ 2
0
∫ 
0
r2T 2e sin dr d d+ Cl
∫ L
0
∫ 2
0
∫ 
0
r2T 2l sin dr d d
)

∫ L
0
∫ 2
0
∫ 
0
2r2TeQ sin dr d d. (15)
By Cauchy-Schwartz’s inequality, we have
2TeQ(Te)2 + 1

·Q2, (16)
for > 0. Letting = Ce and substituting Eq. (16) into Eq. (15) give
d
dt
(
Ce
∫ L
0
∫ 2
0
∫ 
0
r2T 2e sin dr d d+ Cl
∫ L
0
∫ 2
0
∫ 
0
r2T 2l sin dr d d
)

∫ L
0
∫ 2
0
∫ 
0
r2
[
Ce(Te)
2 + 1
Ce
·Q2
]
sin dr d d
= Ce
∫ L
0
∫ 2
0
∫ 
0
r2T 2e sin dr d d+
1
Ce
∫ L
0
∫ 2
0
∫ 
0
r2Q2 sin dr d d. (17)
Using the notations of F(t) and (t), Eq. (17) can be simpliﬁed as follows:
F ′(t)F(t)+ (t). (18)
By Gronwall’s inequality [25], we obtain that F(t)et [F(0) + ∫ t0 (s) ds], which completes the
proof. 
Because the exact solution is difﬁcult to obtain in general (for instance, the laser heat source Q could
be a complicated function), our interest is in developing a ﬁnite difference scheme for solving the above
initial and boundary value problem.
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3. Finite difference scheme
Wedenote T nijk as the numerical approximation of T (ir, j, k, nt), wherer,, andt are
the r, , directional spatial and temporal mesh sizes, respectively, and 0iNr , 0jN, 0kN
so that Nrr = L, N=  and N= 2. We use the following difference operators:
∇rT nijk =
T ni+1jk − T nijk
r
, ∇r¯ T nijk =
T nijk − T ni−1jk
r
,
and so on for the other coordinates.
We develop a three-level ﬁnite difference scheme for solving the above initial and boundary problem
as follows:
Ce
(Te)
n+1
ijk − (Te)n−1ijk
2t
= ke
r2i
Pr{Wt [(Te)nijk]} +
ke
r2i sin
2 k
P{Wt [(Te)nijk]}
+ ke
r2i sink
P{Wt [(Te)nijk]} −G ·Wt [(Te)nijk − (Tl)nijk] +Qnijk, (19)
Cl
(Tl)
n+1
ijk − (Tl)n−1ijk
2t
=G ·Wt [(Te)nijk − (Tl)nijk], (20)
where Pr, P, and P are ﬁnite difference operators such that
Pr(Tijk) ≡ r2i+1/2
Ti+1jk − Tijk
(r)2
− r2i−1/2
Tijk − Ti−1jk
(r)2
, (21a)
P(Tijk) ≡ sink+1/2
Tijk+1 − Tijk
()2
− sink−1/2
Tijk − Tijk−1
()2
, (21b)
P(Tijk) ≡ Tij+1k − 2Tijk + Tij−1k
()2
(21c)
andWt is a temporal weighted average operator such that
Wt(T
n
ijk)=
T n+1ijk + 2T nijk + T n−1ijk
4
. (22)
Here, ri = ir and k = k. The boundary conditions are discretized as follows:
∇r¯ (Te)nNrjk = ∇r¯ (Te)n1jk = 0, ∇r¯ (Tl)nNrjk = ∇r¯ (Tl)n1jk = 0, (23a)
(Te)
n
ijk = (Te)nij+Nk, (Tl)nijk = (Tl)nij+Nk, (23b)
∇¯(Te)nij1 = ∇¯(Te)nijN = 0, ∇¯(Tl)nij1 = ∇¯(Tl)nijN = 0 (23c)
and for any time level n. Since the scheme is three-level in time, the discrete initial conditions are assumed
to be
(Te)
0
ijk = (Tl)0ijk = (Te)1ijk = (Tl)1ijk = T0. (24)
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It should be pointed out that we use a weighted average (T n+1ijk + 2T nijk + T n−1ijk )/4 for stability. It can be
seen that the truncation errors of Eqs. (19) and (20) are O(t2 + r2 + 2 + 2).
4. Stability
We will employ the discrete energy method to show the stability of the scheme, Eqs. (19)–(24). To this
end, we ﬁrst introduce the deﬁnitions of the inner products and norms between the mesh functions uijk
and vijk . Let Sh be a set of {u = {uijk}|0iNr, 0jN, 0kN}. For any u, v ∈ Sh, the inner
products and norms are deﬁned as follows:
(u, v)= r
Nr−1∑
i=1
N∑
j=1
N−1∑
k=1
uijk · vijk, ‖u‖2 = (u, u)
and
‖∇r¯ u‖21 = (∇r¯ u,∇r¯ u)1 = r
Nr∑
i=1
N−1∑
j=1
N∑
k=1
(∇r¯ uijk)2
and so on. The following Lemma 1 can be easily obtained.
Lemma 1. For any n,
r
Nr−1∑
i=1
N∑
j=1
N−1∑
k=1
r2i sink(T
n+1
ijk + 2T nijk + T n−1ijk ) · (T n+1ijk − T n−1ijk )
= r
Nr−1∑
i=1
N∑
j=1
N−1∑
k=1
r2i sink[(T n+1ijk + T nijk)2 − (T nijk + T n−1ijk )2]
= ‖r√sin(T n+1 + T n)‖2 − ‖r√sin(T n + T n−1)‖2. (25)
Lemma 2. For any mesh functions Tijk and Sijk ,
r
Nr−1∑
i=1
Pr(Tijk) · Sijk = − r
Nr∑
i=1
r2i−1/2∇r¯ Tijk · ∇r¯ Sijk − r21/2∇r¯ T1jk · S0jk
+ r2Nr−1/2∇r¯ TNrjk · SNrjk, (26a)

N∑
j=1
P(Tijk) · Sijk =−
N∑
j=1
∇¯Tijk · ∇¯Sijk − ∇¯Ti1k · Si0k + ∇¯TiN+1k · SiNk, (26b)

N−1∑
k=1
P(Tijk) · Sijk = − 
N∑
k=1
sink−1/2∇¯Tijk · ∇¯Sijk − sin1/2∇¯Tij1 · Sij0
+ sinN−1/2∇¯TijN · SijN . (26c)
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Proof. One may obtain from the left-hand side of Eq. (26a) that
r
Nr−1∑
i=1
Pr(Tijk) · Sijk
= r
Nr−1∑
i=1
r2i+1/2
Ti+1jk − Tijk
r2
· Sijk − r
Nr−1∑
i=1
r2i−1/2
Tijk − Ti−1jk
r2
· Sijk
= r
Nr∑
i=2
r2i−1/2
Tijk − Ti−1jk
r2
· Si−1jk − r
Nr−1∑
i=1
r2i−1/2
Tijk − Ti−1jk
r2
· Sijk
= r
Nr∑
i=1
r2i−1/2
Tijk − Ti−1jk
r2
· Si−1jk − r
Nr∑
i=1
r2i−1/2
Tijk − Ti−1jk
r2
· Sijk
− r21/2
T1jk − T0jk
r
· S0jk + r2Nr−1/2
TNrjk − TNr−1jk
r
· SNrjk
=−r
Nr∑
i=1
r2i−1/2∇r¯ Tijk · ∇r¯ Sijk − r21/2
T1jk − T0jk
r
· S0jk
+ r2Nr−1/2
TNrjk − TNr−1jk
r
· SNrjk
=−r
Nr∑
i=1
r2i−1/2∇r¯ Tijk · ∇r¯ Sijk − r21/2∇r¯ T1jk · S0jk + r2Nr−1/2∇r¯ TNrjk · SNrjk.
Eqs. (26b) and (26c) can be obtained using similar arguments.
It is noted that if both Tijk and Sijk satisfy Eqs. (23a)–(23c), then Eqs. (26a)–(26c) can be simpliﬁed
as follows:
r
Nr−1∑
i=1
Pr(Tijk) · Sijk =−r
Nr∑
i=1
r2i−1/2∇r¯ Tijk · ∇r¯ Sijk, (27a)

N∑
j=1
P(Tijk) · Sijk =−
N∑
j=1
∇¯Tijk · ∇¯Sijk, (27b)

N−1∑
k=1
P(Tijk) · Sijk =−
N∑
k=1
sink−1/2∇¯Tijk · ∇¯Sijk.  (27c)
Theorem 2. Assume that (Te)nijk, (Tl)
n
ijk and (Se)
n
ijk, (Sl)
n
ijk satisfy the numerical scheme, Eqs. (19) and
(20), with the same initial and boundary conditions, Eqs. (23a)–(23c) and (24), but different source terms
Q1 andQ2, respectively. Let (ue)nijk = (Te)nijk − (Se)nijk , (ul)nijk = (Tl)nijk − (Sl)nijk and gn =Qn1 −Qn2.
134 I.K. Kaba, W. Dai / Journal of Computational and Applied Mathematics 181 (2005) 125–147
Then (ue)nijk and (ul)
n
ijk satisfy, for any 0nt t0,
2Ce‖r
√
sin[(ue)n+1 + (ue)n]‖2 + 2Cl‖r
√
sin[(ul)n+1 + (ul)n]‖2

8e3t0
Ce
max
0mn
‖r√singm‖2. (28)
Hence, the scheme is unconditionally stable with respect to the source term.
Proof. It can be seen that (ue)nijk and (ul)
n
ijk satisfy
Ce
(ue)
n+1
ijk − (ue)n−1ijk
2t
= ke
r2i
Pr{Wt [(ue)nijk]} +
ke
r2i sin
2 k
P{Wt [(ue)nijk]}
+ ke
r2i sink
P{Wt [(ue)nijk]} −GWt [(ue)nijk − (ul)nijk] + gn, (29)
Cl
(ul)
n+1
ijk − (ul)n−1ijk
2t
=G{Wt [(ue)nijk − (ul)nijk]} (30)
and initial and boundary conditions
(ue)
0
ijk = (ul)0ijk = (ue)1ijk = (ul)1ijk = 0, (31a)
∇r¯ (ue)nNrjk = ∇r¯ (ue)n1jk = 0, ∇r¯ (ul)nNrjk = ∇r¯ (ul)n1jk = 0, (31b)
(ue)
n
ijk = (ue)nij+Nk, (ul)nijk = (ul)nij+Nk, (31c)
∇¯(ue)nij1 = ∇¯(ue)nijN = 0, ∇¯(ul)nij1 = ∇¯(ul)nijN = 0. (31d)
Multiplying Eq. (29) by 4rt r2i sink[(ue)n+1ijk +2(ue)nijk+(ue)n−1ijk ] and Eq. (30) by 4rt
[(ul)n+1ijk +2(ul)nijk+(ul)n−1ijk ], summing over i, j, k, 1iNr−1, 1jN, 1kN−1, and adding
the results together, we obtain by Lemmas 1–4 and Eqs. (31b)–(31d):
2Ce{‖r
√
sin[(ue)n+1 + (ue)n]‖2 − ‖r
√
sin[(ue)n + (ue)n−1]‖2}
+ 2Cl{‖r
√
sin[(ul)n+1 + (ul)n]‖2 − ‖r
√
sin[(ul)n + (ul)n−1]‖2}
= −ket‖(E−1/2r)
√
sin∇r¯ [(ue)n+1 + 2(ue)n + (ue)n−1]‖21
− ket‖ 1√
sin
∇¯[(ue)n+1 + 2(ue)n + (ue)n−1]‖21
− ket‖
√
(E−1/2 sin)∇¯[(ue)n+1 + 2(ue)n + (ue)n−1]‖21
−Gt‖r√sin{[(ue)n+1 + 2(ue)n + (ue)n−1] − [(ul)n+1 + 2(ul)n + (ul)n−1]}‖2
+ (gn, 4tr2 sin[(ue)n+1 + 2(ue)n + (ue)n−1]), (32)
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where E−1/2 is a shift operator such that E−1/2ri = ri−1/2 and E−1/2 sink = sink−1/2. Rearranging
Eq. (32), we obtain:
2Ce‖r
√
sin[(ue)n+1 + (ue)n]‖2 + 2Cl‖r
√
sin[(ul)n+1 + (ul)n]‖2
+ ket‖(E−1/2r)
√
sin∇r¯ [(ue)n+1 + 2(ue)n + (ue)n−1]‖21
+ ket
∥∥∥∥ 1√sin∇¯[(ue)n+1 + 2(ue)n + (ue)n−1]
∥∥∥∥
2
1
+ ket‖
√
(E−1/2 sin)∇¯[(ue)n+1 + 2(ue)n + (ue)n−1]‖21
+Gt‖r√sin{[(ue)n+1 + 2(ue)n + (ue)n−1] − [(ul)n+1 + 2(ul)n + (ul)n−1]}‖2
= 2Ce‖r
√
sin[(ue)n + (ue)n−1]‖2 + 2Cl‖r
√
sin [(ul)n + (ul)n−1]‖2
+ (gn, 4tr2 sin[(ue)n+1 + 2(ue)n + (ue)n−1]). (33)
Dropping the third, fourth, ﬁfth and sixth terms on the right-hand side of Eq. (33) gives
2Ce‖r
√
sin[(ue)n+1 + (ue)n]‖2 + 2Cl‖r
√
sin [(ul)n+1 + (ul)n]‖2
2Ce‖r
√
sin [(ue)n + (ue)n−1]‖2 + 2Cl‖r
√
sin[(ul)n + (ul)n−1]‖2
+ 4t (gn, r2 sin[(ue)n+1 + 2(ue)n + (ue)n−1]). (34)
By Cauchy-Schwartz’s inequality, we have
2(gn, r2 sin[(ue)n+1 + 2(ue)n + (ue)n−1])
= 2r
Nr−1∑
i=1
N∑
j=1
N−1∑
k=1
(ri
√
sinkgnijk) · ri
√
sink [(ue)n+1ijk + (ue)nijk]
+ 2r
Nr−1∑
i=1
N∑
j=1
N−1∑
k=1
(ri
√
sinkgnijk) · ri
√
sink [(ue)nijk + (ue)n−1ijk ]

1

‖r√singn‖2 + ‖r√sin [(ue)n+1 + (ue)n]‖2 + 1

‖r√singn‖2
+ ‖r√sin[(ue)n + (ue)n−1]‖2, (35)
where > 0. Choosing = Ce/2 and then substituting Eq. (35) into Eq. (34), we obtain
(2Ce − 2Cet)‖r
√
sin[(ue)n+1 + (ue)n]‖2 + 2Cl‖r
√
sin[(ul)n+1 + (ul)n]‖2
(2Ce + 2Cet)‖r
√
sin[(ue)n + (ue)n−1]‖2 + 2Cl‖r
√
sin[(ul)n + (ul)n−1]‖2
+ 8t
Ce
‖r√singn‖2. (36)
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Denoting
F(n)= 2Ce‖r
√
sin [(ue)n+1 + (ue)n]‖2 + 2Cl‖r
√
sin [(ul)n+1 + (ul)n]‖2 (37)
and
(n)= 8
Ce
‖r√singn‖2, (38)
Eq. (36) can be written as follows:
(1− t)F (n)(1+ t)F (n− 1)+ t(n). (39)
Thus, we have
F(n)
(1+ t)
(1− t)F (n− 1)+
t
(1− t)(n)

(1+ t)
(1− t)
[
(1+ t)
(1− t)F (n− 2)+
t
(1− t)(n− 1)
]
+ t
(1− t)(n)
 . . .

(
1+ t
1− t
)n
F (0)+ t
(1− t)
[
1+
(
1+ t
1− t
)
+
(
1+ t
1− t
)2
+ · · ·
+
(
1+ t
1− t
)n−1]
max
0kn
(k)

(
1+ t
1− t
)n
F (0)+ t
(1− t)

1−
(
1+t
1−t
)n
1−
(
1+t
1−t
)

 max
0kn
(k)

(
1+ t
1− t
)n
F (0)− 1
2
[
1−
(
1+ t
1− t
)n]
max
0kn
(k)

(
1+ t
1− t
)n [
F(0)+ max
0kn
(k)
]
. (40)
Using the inequalities (1+ )nen for > 0, and (1− )−1e2 when 0<  12 , we obtain
F(n)ent · e2nt
[
F(0)+ max
0kn
(k)
]
e3t0
[
F(0)+ max
0kn
(k)
]
, (41)
when t 12 . From Eq. (31a), we obtain that F(0)= 0 and hence
F(n)e3t0 max
0kn
(k), (42)
which completes the proof. 
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Fig. 1. Normalized electron temperature change with time on the surface of the sphere in the ﬁrst example.
5. Numerical examples
To demonstrate the applicability of the scheme, we investigated the temperature rise in a gold sphere.
The radius (L) for the gold sphere is 0.1 m. The thermal properties of gold were chosen to be Ce=2.1×
10−5 J/(mm3 K), Cl = 2.5× 10−3 J/(mm3 K), ke = 315W/(mK), G= 2.6× 10−5 J/(mm3 Kps) [50].
Also, we chose T0 = 300K.
To apply our scheme, we chose three different meshes of 50×20×20, 100×20×20 and 200×20×20
grid points in (r, ,) coordinates. The time increment was chosen to be 0.005 ps.
The ﬁrst case is that we assume the laser irradiation to be symmetric on the surface of the sphere. Thus,
the heat source was chosen to be [50]
Q(r, t)= 0.94J
[
1− R
tp
]
e
−L−r −2.77(
t−2tp
tp )
2
, (43)
where J = 13.4 J/m2, tp = 100 fs (1 fs= 10−15 s), = 15.3 nm (1 nm = 10−9 m), and R = 0.93. Fig. 1
shows the change in electron temperature (Te/(Te)max) on the surface of the gold sphere. Themaximum
temperature rise of Te (i.e., (Te)max) on the surface of the gold sphere is about 910K. It can be seen
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Fig. 2. (a) and (b) Changes in electron and lattice temperatures along r-axis in the ﬁrst example.
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Fig. 3. Normalized electron temperature change with time at point (r = L,= 0) of the sphere in the second example.
from Fig. 1 that the change in electron temperature is similar to that obtained in [50]. Also, it can be seen
from Fig. 1 that mesh size had no signiﬁcant effect on the solution. This implies that the scheme is stable.
Fig. 2 gives the temperature rise along the r-axis for different times (t = 0.2, 0.25, 0.5, 1.0 and 2.0 ps). It
can be seen from the ﬁgure that the temperature distribution is symmetric with respect to r.
The second case is that the laser irradiates from the top to a portion (0<r <L, 02, 0/2)
of the surface of the sphere. In this case, the heat source was chosen to be [50]
Q(r,, t)= 0.94J
[
1− R
tp
]
e
−L−r −2.77(
t−2tp
tp )
2
cos. (44)
Fig. 3 shows the change in electron temperature (Te/(Te)max) at point (r = L,= 0). The maximum
temperature rise of Te (i.e., (Te)max) is about 843K. It can be seen by comparing Fig. 1 with Fig. 3
that the changes in electron temperature are similar except that the change in temperature in Fig. 3 drops
quickly. This is because the laser irradiates only a portion of the surface and the heat is transferred from
the top of the sphere to the bottom. Fig. 4 gives the temperature rise along the r-axis with = 0 and  for
different times (t = 0.2, 0.25, 0.5, 1.0 and 2.0 ps).
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Fig. 4. (a) and (b) Changes in electron and lattice temperatures along r-axis with = 0 and  in the second example.
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Fig. 5. Normalized electron temperature change with time at point (r = L,= 0) of the sphere in the third example.
The third case is that the laser irradiates from the top to a small portion (0<r<L, 02, 0/4)
of the surface of the sphere. Fig. 5 shows the change in electron temperature (Te/(Te)max) at point
(r =L,= 0). The maximum temperature rise of Te (i.e., (Te)max) is about 822K. Again, the changes
in electron temperature is similar to those in Figs. 1 and 3 except that the change in electron temperature
in Fig. 5 drops faster. This is because the laser irradiates only a small portion of the surface and the heat
is transferred from the top of the sphere to the bottom in this case. Fig. 6 gives the temperature rise along
the r-axis with = 0 and  for different times (t = 0.2, 0.25, 0.5, 1.0 and 2.0 ps).
Finally, we considered a repetitive-pulse heating case where the heat source was chosen to be
Q(r, t)= 0.94J
[
1− R
tp
]
e−
L−r
 ·
[
e
−2.77( t−2tp
tp )
2 + e−2.77(
t−4tp
tp )
2
]
(45)
with J = 13.4 J/m2, tp = 100 fs (1 fs = 10−15 s),  = 15.3 nm (1 nm = 10−9 m), and R = 0.93. In this
calculation, we chose three different meshes of 25×20×20, 50×20×20 and 100×20×20 grid points
in (r, ,) coordinates. The time increment was chosen to be 0.005 ps. Fig. 7 shows the change in electron
temperature (Te/(Te)max) on the surface of the gold sphere. It can be seen from Fig. 7 that there are
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Fig. 6. (a) and (b) Changes in electron and lattice temperatures along r-axis with = 0 and  in the third example.
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Fig. 7. Normalized electron temperature change with time on the surface of the sphere in the repetitive-pulse heating case.
two peaks in electron temperature due to the repetitive-pulse heating. Fig. 8 gives the temperature rise
along the r-axis for different times (t = 0.2, 0.25, 0.5, 1.0 and 2.0 ps). It can be seen from the ﬁgure that
the temperature distribution is symmetric with respect to r, which is similar to that shown in Fig. 2 except
that the temperature is higher.
6. Conclusion
In this study, we develop a three-level ﬁnite difference scheme for solving the parabolic two-step heat
transport equations in a three-dimensional micro-sphere heated by ultrashort-pulsed lasers. It is shown
by the discrete energy method that this scheme is unconditionally stable. Numerical examples show that
the scheme is efﬁcient.
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Fig. 8. (a) and (b) Changes in electron and lattice temperatures along r-axis in the repetitive-pulse heating case.
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